Abstract. For any topological group G the dual object G is defined as the set of equivalence classes of irreducible unitary representations of G equipped with the Fell topology.
Introduction
For a topological group G let G be the set of equivalence classes of irreducible unitary representations of G. The set G can be equipped with a natural topology, the so-called Fell topology (see Section 2 for a definition).
A topological group H is precompact if it is isomorphic (as a topological group) to a subgroup of a compact group G (we may assume that H is dense in G). If G is compact, then G is discrete. If H is a dense subgroup of G, the natural mapping G → H is a bijection but in general need not be a homeomorphism. In the present paper we investigate the following question: if G is a compact group and H is a dense subgroup of G, under what conditions is the natural mapping G → H a homeomorphism?
Equivalently, for what precompact groups H is H discrete?
In the Abelian case the situation has been clarified in the work of several authors. If G is an Abelian topological group, G can be viewed as the group of all continuous homomorphisms G → U(1) equipped with the compact-open topology, where U(1) = {z ∈ C : |z| = 1}. Following [6] , we say that a dense subgroup H of a topological Abelian group G determines G if the restriction homomorphism G → H is a topological isomorphism. If every dense subgroup of G determines it, then G is called determined. A cornerstone for this topic is the following fact established by Aussenhofer [1] and, independently, Chasco [4] : every metrizable Abelian group G is determined. Moreover, if G is a compact metrizable Abelian group and H is dense in G, the proof of Außenhofer-Chasco theorem shows that there exists a compact subset K of H such that
Therefore, there is a single compact subset K in H that equips G with the discrete topology. The compact set K can be chosen as the set of points of a sequence converging to the unity e. This result is analogous to the classical Banach-Dieudonné theorem [3, IV.24] : If E is a metrizable locally convex space, the compact-open topology on its dual E ′ coincides with the topology of N-convergence, where N is the collection of all compact subsets of E each of which is the set of points of a sequence converging to 0.
Comfort, Raczkowski and Trigos-Arrieta [6] noted that Außenhofer-Chasco theorem fails for non-metrizable Abelian groups G even when G is compact. More precisely, they proved that every non-metrizable compact Abelian group G of weight ≥ c contains a dense subgroup that does not determine G. Hence, under the assumption of the continuum hypothesis, every determined compact Abelian group G is metrizable.
Subsequently, it was shown in [13] that the result also holds without assuming the continuum hypothesis (see also [7] ).
Our goal is to extend the results quoted above to compact groups that are not necessarily Abelian.
A certain extension of the Außenhofer-Chasco theorem to non-Abelian groups is due to Lukács [17] . He proved the following. Let G be a metrizable group, H a dense subgroup of G, and L a compact Lie group. Then the spaces of continuous homomorphisms CHom(G, L) and CHom(H, L), equipped with the compact-open topology, are naturally homeomorphic.
Let H be a dense subgroup of a compact group G. We say that H determines
The Fell topology is defined on every set R of equivalence classes of unitary representations (which may be reducible) of a given topological group G. Let 1 G be the class of the trivial representation. The group G has property (T) if 1 G is isolated in R ∪ {1 G } for every set R of equivalence classes of unitary representations of G without non-zero invariant vectors. According to Proposition 1.2.3 in [2] , this definition is equivalent to the definition of property (T) in terms of Kazhdan pairs which we remind below in Section 2. Compact groups have property (T), and we are interested in property (T) for precompact groups.
We now formulate our main results. [13] , and Dikranjan, Shakhmatov [7] for Abelian compact groups. If H = C n , we identify U(H) with the unitary group of order n, that is, the compact Lie group of all complex n × n matrices M for which M −1 = M * . We denote this group by U(n).
Two unitary representations
there exists a Hilbert space isomorphism M :
for all x ∈ G. The dual object of a topological group G is the set G of equivalence classes of irreducible unitary representations of G.
If G is a precompact group, the Peter-Weyl Theorem (see [14] ) implies that all irreducible unitary representation of G are finite-dimensional and determine an embedding of G into the product of unitary groups U(n).
The Bohr topology on a topological group G is the finest precompact group topology that is coarser than the given topology on G. The Bohr compactification of G is the completion of G equipped with the Bohr topology. there exists a vector v ∈ H such that f (g) = (ρ(g)v, v) (here (·, ·) denotes the inner product in H). We denote by P ′ ρ be the set of all functions of positive type associated with ρ. Let P ρ be the convex cone generated by P ′ ρ , that is, the set of sums of elements of P ′ ρ .
Let G be a topological group, R a set of equivalence classes of unitary representations of G. The Fell topology on R is defined as follows: a typical neighborhood of
[ρ] ∈ R has the form
where
, C is a compact subspace of G, and ǫ > 0. In particular, the Fell topology is defined on the dual object G. If G is locally compact, the Fell topology on G can be derived from the Jacobson topology on the primitive
Let π be a unitary representation of a topological group G on a Hilbert space H.
A topological group G has property (T) if there exist a pair (Q, ǫ) (called a We refer to Fell's papers [9, 10] , the classical text by Dixmier [8] and the recent monographs by de la Harpe and Valette [12] , and Bekka, de la Harpe and Valette [2] for basic definitions and results concerning Fell topologies and property (T).
Precompact metrizable groups
The aim of this section is to prove the following
We view G as a dense subgroup of a compact metrizable group K. Integrals over K will be taken with respect to the normalized Haar measure on K. The Hilbert space L 2 (K) is constructed with the aid of the same measure. Up to equivalence, there are countably many irreducible unitary representations of K. Enumerate them
be the corresponding set of functions of positive type, let P i be the convex cone generated by P ′ i , and let Q i ⊂ C(K) be the linear space generated by P i . The spaces
Let N i = {f ∈ P i : f (e) = 1} be the space of normalized functions in P i . This is a compact subset of the cone
Recall that a function on G is central if it is constant on conjugacy classes. Proof. Any central function g ∈ Q i is the sum in L 2 (K) of the series c j χ j , where
Proof. The integrals V χ i are the scalar products of the characteristic function of V with the terms of the orthonormal sequence (χ i ) in L 2 (K).
compact neighborhood of the identity e that is invariant under inner automorphisms of K. Let f ∈ C(K) be a continuous central function. Let
Proof. Let h ∈ N i be such that h| V is as close to f | V as possible. Averaging over K (that is, replacing h by h ′ defined by h ′ (x) = y∈K h(yxy −1 )) we get a central function in N i at the same distance from f | V . According to Lemma 3.2, the only central function
We now are ready to prove Theorem 3.1.
Proof. Recall that we view G as a dense subgroup of a compact metrizable group K.
Pick a bi-invariant (= invariant under left and right translations, hence also under inner automorphisms) metric b on K. We denote by V ǫ the closed ǫ-ball (with respect to b) centered at the neutral element e. We use the notation introduced above.
We can identify the sets G and K (not taking the topology of these sets into account). Let ρ be an irreducible unitary representation of K. We must show that [ρ] is an isolated point in G. 
It follows from Lemma 3.5 that dist (h|
is the closure of its interior, then V i ∩ G is dense in V i , and it follows from Lemma 3.3 that we can find Since ǫ ′ i → 0, the union F of all the F i 's plus the point e is a compact subset of G. If f i ∈ P i is such that the sequence (f i | F ) uniformly converges to h| F , then f i (e) → 1, and normalizing each f i (that is, replacing each f i by f
We have proved that the neighborhood W (h| G , F, 1/3) of [ρ] contains only finitely many elements of G.
Since G is a T 1 -space (this follows, for example, from Lemma 3.3), it follows that G is discrete.
The compact set F = F ρ ⊆ G that we constructed in the proof above is the set of points of a sequence converging to e. It depends on the point [ρ] ∈ G the neighborhood of which we are constructing. We observe that there exists a single compact subset
finite. It suffices to delete a finite set D i from each F ρ i in such a way that the union
is the set of points of a sequence converging to e.
Countable precompact groups
In this section we prove the following: For a topological group G let G n ⊆ G be the set of classes of n-dimensional irreducible unitary representations. We denote by w(X) the weight (= the least cardinality of a base) of a topological space X. 
Proof. Let F n be the set of classes of all n-dimensional unitary representations of G (which may be reducible). Let R n ⊆ F n be the set of classes of all n-dimensional representations without non-zero invariant vectors. Let k = n 2 . We first prove that 1 G is not isolated in R k ∪ {1 G }.
Let F be a compact subset of G and ǫ > 0. It suffices to prove that there exists a k-dimensional representation τ of G without non-zero invariant vectors and a function f ∈ P ′ τ such that |f (x) − 1| < ǫ for every x ∈ F . Equip U(n) with any compatible bi-invariant metric, and equip C(F, U(n)) with the sup-metric. Since w(C(F, U(n))) = w(F ) < | G n |, for every δ > 0 we can find two homomorphisms ρ 1 , ρ 2 : G → U(n) which are δ-close on F and determine non-equivalent irreducible representations of G on C n (see [11] ). Indeed, the compact group U(n) isometrically acts on C(F, U(n)) by conjugation, and the orbit space can be identified as a set with F n . Equip F n with the quotient metric (which need not be compatible with the Fell topology). Then the weight of the resulting metric space is ≤ w(F ) < | G n |, hence the subset G n cannot be discrete and contains a pair of distinct δ-close points [
The distance between [
so replacing if necessary ρ 2 by an equivalent representation, we may assume that ρ 1 and ρ 2 are δ-close, as claimed.
Let E = End C n be the n 2 -dimensional Hilbert space of endomorphisms of C n .
The scalar product on E is given by the formula (A, B) = Tr (AB * )/n. The formula
A ∈ E) defines a unitary representation of K on E that does not contain non-zero invariant vectors. Indeed, if τ (g)A = A for all A ∈ E , then A intertwines ρ 1 and ρ 2 and hence is zero in virtue of Shur's Lemma Let
where I ∈ E denotes the identity mapping on C n . Then f ∈ P τ is a function of positive type associated with τ . If δ > 0 is small, then ρ 1 (g)ρ −1 2 (g) is in a small neighborhood of 1 in U(n) and hence |f (g) − 1| < ǫ for every g ∈ F .
We have just shown that there exists a k-dimensional unitary representation of G without non-zero invariant vectors but containing an (F, ǫ)-invariant unit vector v.
Writing the representation as a direct sum of s irreducible representations, we can write Our proof yields the following result of Wang [22] :
Then G n is finite for all n ∈ N.
Proposition 4.3 also implies the following
Theorem 4.5. Let G be topological group, κ a cardinal such that w(K) ≤ κ for every
where bG is the Bohr compactification of G.
Proof. According to Proposition 4.3, | G n | ≤ κ for every n. The compact group bG therefore has ≤ κ non-equivalent irreducible unitary representations and hence has weight ≤ κ in virtue of the Peter-Weyl theorem.
The case κ = ω of the previous theorem deserves to be explicitly stated:
Corollary 4.6. Let G be topological group such that every compact subset of G is
Note that this Corollary implies the following assertion which is stronger than Proof. A proof can be found e.g. in [5] . For the reader's convenience we remind the proof. A compact space X is dyadic if there exists a mapping 2 κ → X of a Cantor cube 2 κ onto X. All compact groups are dyadic (moreover, any compact G δ -subset of any topological group is dyadic, see [20, 21] ), and any dyadic compact space of weight ≤ c = 2 ω is separable, being an image of the separable space 2 c .
We now prove the following stronger version of Theorem 4.2: If G is a nonmetrizable compact group, then G has a dense subgroup H such that 1 H is not isolated in H.
Embedding G into the product of unitary groups, we see that there exists a continuous homomorpism f : G → G ′ onto a compact group of weight ω 1 . Let H ′ be a dense countable subgroup of G ′ (Lemma 4.7), and let
The property (T)
The Kazhdan property (T) for topological groups was introduced in [15] . This property has several consequences on the structure of the groups that satisfy it. For σ-compact locally compact groups Property (T) is equivalent to the fixed point property for isometric affine actions on real Hilbert spaces [2, Theorem 2.12.4] . See [2, 8, 12] for further details on this important topic.
We saw that for every metrizable precompact group G the dual G is discrete (Theorem 3.1). In contrast, we have the following result.
Theorem 5.1. If G is an Abelian, countable precompact group, then G does not have property (T).
The result is no longer true if "Abelian" is dropped. Indeed, certain compact Lie groups admit dense countable subgroups which have property (T) as discrete groups [2, Theorem 6.4.4] and hence also as precompact topological groups.
We begin with the following characterization of property (T) for precompact groups. Proof. Consider the convex set P of all real functions f of positive type on H such that H f = 0 and f (e) = 1. Let K ⊆ G be a compact subset with the property described in Theorem 5.2. According to the theorem, the image of P under the restriction map f → f | K is at a positive distance from 1. The Hanh-Banach theorem implies that 1 can be separated from the convex set P | K by a linear functional.
Following Lubotzky and Zimmer [16] , if R is a set of classes of representations of G, we say that G has Property (T) with respect to R if 1 G is isolated in R ∪ {1 G }. [19, Theorem 3.12] ). Since all compact susbets of G are countable, we can write K as the set of points of a sequence (x n ). According to Remark 5.4, for every finite subset F of G and ǫ > 0 there exists f ∈ P such that the distance from f | F to 1| F in the space C(F ) is < ǫ. Applying this to initial segments of the sequence (x n ), we obtain a sequence (f n ) of functions ∈ P that converges pointwise to 1 on K.
All functions in P are uniformly bounded by 1, so Lebesgue's dominated convergence theorem implies that the sequence (f n ) weakly converges to 1 in C(K). Therefore, 1| K is in the weak closure of P | K , contrary to our assumption.
We are now in a position to prove Theorem 5.1:
If G is an Abelian, countable precompact group, then G does not have property (T).
Proof. Let H be the completion of G. In virtue of Theorem 5.5, we must verify that G d does not have property (T) with respect to R, where R is the same as in Theorem 5.5.
It suffices to prove that for every finite set F ⊆ G and ǫ > 0 there is a continuous character χ : H → U(1), χ = 1, such that |χ(x) − 1| < ǫ for every x ∈ F .
Assume the contrary. Let F ⊆ G be a finite set such that for some ǫ > 0 and every χ ∈ H \ {1} the restriction χ| F is at the distance ≥ ǫ from 1| F . Then the restriction homomorphism χ → χ| F from H to U(1)
F is one-to-one and must be a homeomorphism onto its image, since our assumption means that its inverse is continuous at 1. This is a contradiction, since the compact group U(1) F cannot have infinite discrete subgroups.
6. Questions In virtue of Theorem 5.1 such a group must be uncountable.
The definition of the Fell topology, given in [2] and used in the present paper, is not the same as the definition given in [18] . Using the notation of Section 2, the difference is the following. In [18] , functions f 1 , . . . , f n ∈ P ′ ρ of positive type are approximated by functions g 1 , . . . , g n ∈ P ′ σ of positive type rather than by their sums ∈ P ρ that we allowed. For locally compact groups G the two definitions of the Fell topology on G agree, according to [ 
